®Cc 1 G E

CENTRO DE INVESTIGACAO EM GESTAO E ECONOMIA

UNIVERSIDADE PORTUCALENSE — INFANTE D. HENRIQUE

DOCUMENTOS DE TRABALHO

WORKING PAPERS

n. 18 | 2011

A DISEQUILIBRIUM MODEL OF THE INTEREST RATE
Santos, Rui N.

(Universidade Portucalense — Infante D. Henrique; ruipnsantos@upt.pt)

May/2011



A DISEQUILIBRIUM MODEL OF THE INTEREST RATE

Santos, Rui N.

ABSTRACT

In the setting of a dynamic general equilibrium model we ask the following question:
What happens if the interest rate is settled exogenously in a level that differs from the

one which emerges from equilibria in the markets?

Although the subject of the imposition of the interest rate by an external authority on a
level that differs from the so called natural interest rate has recently attracted a lot of
attention in the literature, the assumption of full general equilibrium has tended to be
maintained throughout. The main contribution of this paper is that we allow explicitly
for disequilibrium in markets as is the tradition in other economic models when the

price is settled on a level above or below the equilibrium price.

Our main conclusion is that an exogenously imposed interest rate drives the output of
the economy to a level below the one that emerges from a general equilibrium without

external intervention.
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1. INTRODUCTION

The concept of the natural rate of interest has been recently introduced in the literature.
In particular, within the New-Keynesian models, there emerged a literature that makes
that concept (following the terminology of Wicksell (1898, 1906, 1907)) an essential
part in the articulation of monetary policy (the main reference is Woodford, 2003)". In
these models the monetary natural rate of interest is defined as the rate of equilibrium
real interest (variable over time in terms of real shocks on the economy) that would be
obtained if prices were fully flexible (see Woodford, 2003, p . 248). It is then shown
that, in the case of a simple model, the optimal monetary policy by the Central Bank (in
order to keep the current output equal to the output consistent with flexible prices)
consists in placing, period by period, the nominal interest rate equal to the natural rate
of interest plus an eventual target value (near zero) for the inflation rate the central bank

intends to achieve.

Alternatively, in this paper, we use a formal model of dynamic general equilibrium
without money and with completely flexible adjustment of prices to answer another
question which is: what is the difference to the economy (in terms of the level of total
output and of distribution of income among economic agents) between a situation where
the interest rate is determined by an external authority and another situation in which
this variable is determined by the meeting of supply and demand in markets? We ask, in
particular, what are the consequences for the economy of a fixed rate of interest set at a
level different from the natural rate of interest (which, in the model we build, is the

equilibrium interest rate in the absence of intervention by the external authority).

Also, contrasting the literature cited above, one of the main contributions of this paper
is that we allow explicitly for disequilibrium in the markets caused by the introduction
of a fixed interest rate different from the natural rate. To deal with this disequilibrium
we shall use the common specification where the quantity traded in each market
corresponds to the short side, that is, if, for a given value of the interest rate the market
demand is of d units and the market supply is of s units, the quantity traded in that

market is d or s units, whether there is an excess supply or demand, respectively.

' See also Andres et al (2007) and Laubach et al (2007).



We use a model with three representative agents: capitalists, workers and entrepreneurs.
Capitalists have the sole function of saving and channel these savings into the credit
market where entrepreneurs seek funds in order to finance their purchase of factors of
production — namely, labor time. We also assume that labour supply is positively related
with the wage level. Let's see what happens, for instance, when the interest rate is fixed
on a level below the one of the natural rate. The decline in the interest rate implies, on
the part of capitalists, a change in the terms of exchange between present consumption
and future consumption in favor of present consumption. Capitalists see therefore
reduced the incentive to save, preferring to increase their present consumption. This
reduction in savings means a decrease on the amount offered in the credit market. Thus,
although the entrepreneurs, due to this reduction in the interest rate, prefer to increase
their borrowing, they are constrained by the amount (lower) that appears on the supply
side of the credit market and are forced to reduce effectively the price paid for their
employment of inputs, namely wages. This reduction in wages decreases the labor

supply which, in turn, reduces the output of the economy.

A similar analysis is made for the case where the interest rate is fixed at a level above
the one of the natural rate and once again we will see that the level of output is

decreased by that kind of policy.

The next section of the paper presents the model analyzing in detail the agents’
decisions. Section 3 determines the general equilibrium of the model without external
intervention. Section 4 analyzes the case where the interest rate is set exogenously by an

external authority and section 5 concludes.

2. THE MODEL

We consider a model with three representative models: Capitalists, Entrepreneurs and
Workers.

The conceptualization of this model is based on Rothbard (2004, ch. 5) and its
mathematical formalization is based on Christiano (1991). The distinction between
agents is understood to be functional — that is, the same person could be capitalist,
entrepreneur and worker at the same time.

At a given moment in time, ¢, we have the following situation: The capitalist has a given

stock of the only good which is produced in the economy, Z, from which he can
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consume or lend part of it to the representative entrepreneur at a certain interest. We
assume that the only good in this economy is perishable, not lasting more than a single
period of time. The entrepreneur produces this consumption good hiring working time
from the representative worker. We also assume that the production of the consumption
good requires a unit period of time and that the entrepreneur has to pay the worker at the
beginning of the period (in units of the consumption good) obtaining the produced good

only at the end of that same period.

So, for each period of time, we have the following characterization concerning the three

agents.

The capitalist, at the beginning of the period, has in his possession a given quantity of
the consumption good, Z,, part of which he consumes, ¢;, another part of which he lends
to the entrepreneur, b, = Z-c,, at a certain interest rate, . At the end of the period the
entrepreneur reimburses the amount lent plus interest to the capitalist. With that
borrowed quantity the entrepreneur pays the worker a wage, w,, for which the worker
supplies a certain amount of work, Z,. This working time is used to produce a certain

quantity of the consumption good, Y;,, which is obtained at the end of the period. With

this quantity the entrepreneur reimburses the quantity borrowed plus interest, b,(1+7r,)
and consumes what is left of it, d, =Y, —b,(1+7r,). As the given stock, Z,, was totally

consumed, the new stock available to the capitalist in the next period, Z,,,, equals

t+1°

b,(1+r). So that, at the beginning of each period of time, the amount Z, is used in

consumption by the capitalist, ¢, the worker, w, , and the entrepreneur, d, .

In the next section we formalize each agent’s actions.

2.1. CAPITALISTS

The capitalist seeks to maximize his intertemporal utility function which depends only
on the consumption realized at each period of time subject to the restriction that the
amount consumed plus the amount lent cannot be greater than the stock held at the
beginning of the period. As noticed before, the next period’s stock equals the amount
lent the period before plus interest. We can then describe the intertemporal budget

constraint of the capitalist by the following expressions:



¢, +b <Z
ct+1 +bt+l < bt (l+]/;) = Zt+l'

As the capitalist maximizes his utility and this utility depends on the amount of the good
consumed, he will exhaust all his amount of Z, in consumption and/or lending, so that
the above expressions can be written as equalities. They can be combined in the

following way:

Z.,=(Z-c)1+r). )

The optimization problem of the capitalist is then:

c t
Max ;:, pU)
s.t. (P1)

Z :(Zt_ct)(l—i—rt)‘

t+1

The parameter £ is an intertemporal discount factor and varies between zero and one.

The first order condition (FOC) for the problem (P1) is (see appendix A)z:

U(c)=BA+1)U.(c)-

In what follows we assume a utility function of the form™:

> U (c,) is the derivative oF the utility function with respect to consumption at period ¢, evaluated at the

optimal consumption level for that period.
? See, v.g, Obstfeld ef al (1996. p. 28) for the properties of this utility function.



U(c,)= , 0>0
1-—
o
The FOC is then written as:
L= po (). @)

t

2.2. ENTREPRENEURS

The entrepreneur seeks to maximize his profit each period of time:

Yt+bt _WtLt _bz(l—i_r;)'

As the firm borrows the necessary amount to pay wages, we have the following

maximization problem:

Max¥, —wL,(1+7,)
sit. (P2)
Y =F(L).

We assume F to be concave and increasing.

The FOC for this problem is:

w(+r)=F,(L).

Assuming a Constant Returns to Scale production function of the form:



Y=F()=L, A3)

the FOC is written as:

w,(+r)=1. “)

2.3. WORKERS

We consider the following utility function:

U:cL—lU, y>1.
7

The consumption of the worker is denoted by ¢* and L is the supply of labour.

The optimization problem of the worker is:

1
MLax ct—=r
c L }/
S.t.
¢t <wL.

The above restriction binds with equality because we assume the worker consumes all
his wages.

The FOC for the above problem is:



Which gives a labour supply function. It can be shown that 1/(y —1) is the elasticity
supply of labour. If we consider y =2, that elasticity equals 1. For analytical

convenience we use this specification so the supply of labour is:

L =w. %)

3. GENERAL EQUILIBRIUM

A General Equilibrium for this economy is a sequence of prices: {r,w,} . and

quantities: {6,/ Z,.,Y, b, L;»d, 17y such that

1. Given Zyand {r,},-,the representative capitalist solves:

]c‘,/,[ZOﬁC,:Oﬂt 1t_l , 0>0
o

s.t.

Z,,=b(1+1)

b’=Z -c,.

2. Given {r,,w,},,the representative entrepreneur solves:

Maxd, =Y, ~b"(1+1)

Y.L

s.t.

3. Given {w,}, the representative worker solves:



Mayx el - %(Lf )2

LS
¢ L
S.t.

L _ N
¢, =wlL, .

4. Supply equals Demand in each market and at each period :

K=q+d+¢,
L=1’=L,
b’ =b" =b,.

We now seek a steady state for this economy.

From the FOCs of the Capitalist (see equations (1) and (2)), we have:

Z=(Z—c)(1+r),
1=4°(+r)°.

From the FOCs of the Entreprencur (see equations (3) and (4)):

Y=L,
w(l+r)=1,
d=0.

From the FOC of the worker (see equation (5)):

From the clearing of the markets condition it follows that:
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Y=c+wlL,
Z—c=wL.

The solution to the above system of equations is:

Y =5,

w=p,

c=p(1-p),

Z=p,

rzl—IErN,
B

L=p.

In Appendix C we show that this steady-state equilibrium is saddle-path stable.

4. EXOGENOUS DETERMINATION OF THE INTEREST RATE

N
Now, starting from an equilibrium steady-state, where the interest rate is at a level 7",

that we call the natural rate level, we show the effects of an exogenous imposition of the

7 1
interest rate at a level  different from 7" = E -1.

We further note that when the interest rate is constant and equal to? | the problem (P1)

may be solved in order to obtain a consumption function (in the language of Dynamic

Programming, a “policy function”). Thus, at each moment of time we obtain ¢, as a

function of S, o and Z (see appendix B for details):

¢ :[1—,8" (1+7)‘HJZt. (6)
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This function tells us that, at each moment, the capitalist consumes a fixed proportion of

his stock of the consumption good, Z, , and lends the remaining part. (Note that the term

between the parentheses is a constant number). Note, further, that present consumption
varies inversely with the interest rate. That is, for a given amount of the stock of the
consumption good and the other two parameters, the greater the interest rate the less
will be present consumption.

Now, if we substitute ¢, in (6) into the budget constraint (1), we get:

Z. = [Z, ~(1-8° (1+7)"‘1)ZJ(1+7).

Which is the same as:

%zﬁ“(HF)”. (7)

t

Notice that for # and o given, Z,,, equals Z, (that is, the lhs of (7) equals one) if and
only if 7 = 1 1. This means that when 7 # " the stock of the consumption good will

either grow or decay. And this depends on the level of7 . That is what we are going

now to analyze.

4.1. INTEREST RATE FIXED BELOW THE LEVEL OF THE NATURAL RATE
We first analyze the situation in which the interest rate is fixed below the level of the

natural interest, that is, 7 < l—1. The dynamical system consists of equations (6) and
(7).

V4
In this case, from (7), ?ﬂ <1 for all t and, hence, the stock of the consumption good,

t

Z;, tends to zero through time. As, from (6), with a fixed interest rate the consumption
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level of the capitalist is a constant proportion of Z, it follows that ¢, also decays through

time tending asymptotically to zero.

On the other hand, the amount the capitalist lends to the entrepreneur is Z —c, . But, as

we have just seen, as the values of those two variables tend to zero, so the amount lent
tends also to zero. In this way the total wages paid by the entrepreneur to the worker

(which the first obtains from the amount borrowed to the capitalist) also tends to zero.

As labour supply is positively related with the wage level, that supply also tends to zero

and so the output of the economy.

We sum up the present discussion in the following proposition:

PROPOSITION 1: When labour supply is positively related with the wage level, the
exogenous imposition of the real interest rate on a level inferior to that of the natural
rate has the consequence that the output of the economy diminishes progressively

through time.

4.2. INTEREST RATE FIXED ABOVE THE LEVEL OF THE NATURAL RATE

Starting at the steady state, if the interest rate is set at a level above the natural rate,

1/ f—1, which is the equilibrium interest rate at the steady state, the amount supplied by
the capitalist in the credit market is greater than the amount demanded by the
entrepreneur. To see this, note that if 7, rises, then B} = Z, —c,also rises, for a given Z,.
This is because, from (6), ¢, diminishes when r; rises for a given Z,. On the other hand,

the amount demanded in the credit market goes down because, from (4) and (5) and

assuming equilibrium in the labour market,

BtD:th,:( ! ) @®)

13



This disequilibrium is resolved in the usual way, that is, the transaction that takes place
corresponds to the shortest amount in the market. So, the entrepreneur takes in the credit

market the amount he really intends to take and pays a wage of:

w,=—. )

On the other hand, assuming the consumption good is perishable, the capitalist
consumes the excess amount that he offers in the credit market. Profit continues to be

Z€ro.

From now on, and whiler, =7, Z, is constant because

Z. =Bf’(1+7)=(1+%) (1+7) = 1_, (10)
r

1+7

We further show that while the interest rate is above the natural rate the supply in the

credit market exceeds the demand. This is because from (6) and (10):

1

= -B°(1+7r 0—_2- 11
¢ === (147) (D

And then B®is given, from (10) and (11) by:
BS=27,—¢,=p° (1+7)" (12)

So B’ > B” if, from (8) and (12):

£ ((1+F)’7_2 >( l_jz.

1+7
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Which is always true if 7 > 1 ~1=r",

So, the capitalist consumes the supply in excess in the credit market and his total

consumption is given by:

¢ =Y-wlL,. (13)

Now, from (9), with 7 > r" | the wage rate is lower. From (5) and (3), labour supply

and output go down. The output level is now:

1 1

Y=L=w= < ) 14
1+7 1+ (19)
Using (14) in (13) we obtain the consumption level of the capitalist when7 > " .
1 1
c=——|1-———|. 15
’ 1+7( 1+Fj (15)

In order to see if the consumption of capitalists rises, diminishes or stays the same
following the imposition of the interest rate at a level above r", we take the derivative

of ¢, with respect to 7 in (15).

% 1 (—1+12_j. (16)
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From (16) it follows that % >0 forall ¥V <7 <1.
r

That is, though the output of the economy diminishes, the consumption of the capitalist

rises.

We now sum up the above discussion in the following proposition.

PROPOSITION 2: With labor supply positively related to the wage level, the
imposition of an exogenous real interest rate exceeding the value of the natural rate of
interest causes a decrease in the total output of the economy (for a positive level well
defined), a decrease in real wages and an increase (in absolute terms) of the
consumption of the capitalists. If the exogenous rate is set to a level above 100% this

will also cause a decreasing of the consumption of the capitalists.

5. CONCLUSION

We have studied the consequences of the fixation of the interest rate at a level different
from the general equilibrium interest rate level in a setting of a model without money

and with output positively related to the wage level.

Our main findings are that that if the interest rate is set on a level below the natural rate
of interest this makes the output level decrease gradually over time; on the other hand,
setting the interest rate on a level higher than the natural rate of interest makes the
output level decrease until it reaches a stationary value, and increases (in normal

circumstances) the income of the capitalists at the expense of workers' earnings.
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APPENDICES

A. Solution of the optimization problem of the Capitalist.
The capitalist solves problem (P1).

We form the lagrangean (see Ljunqvist et al. (2000), p. 321):

L=>p[U)-4(Zu~(Z-c)a+1))].

o0
t=0

The capitalist chooses {c,,Z,,,}" , - The lagrangean might be written as:

t=

L=+ B (U)=4(Z=(Z,—c)1+1)))+
ﬁtﬂ (U(Ct+l)_ﬂ’t+l (ZH—Z _(Zt+1 _Ct+1)(1 + ’3+1)))+"'

First order conditions are:

& _U.e)-4(145)=0

t

oL

— =P AT A1) =0,
t+1

Which is the same as:

UC(Ct) = /1,(1—}—1”[)
/1t = ﬂﬂﬂl(l"*' rt+1)-

17



Combining the two equations above we obtain:

Uc(cz) = ﬂ(1+’;)Ug(Cz+l) .

B. Consumption Function of the Capitalist when the Interest Rate is constant.
We use here the method of undetermined coefficients. See, for example, Chow (1997, p.

33).4

The first order condition of the capitalist for problem (P1), with constant interest rate

is:

Ct+1 = Ctﬁg(l-l- r)o‘

We now conjecture that the level of consumption which solves the equation above

equals €27 , where Q 1is a constant to be determined. In that case we can rewrite the

equation above as:

QZ,., =QZp° (1+r).

Substituting the budget constraint (equation (1)) in Z,,, above we have:

Q(Z,-¢)1+r)=QZ,p° (1+r)".

Substituting €7, for ¢, and dividing both sides of the equation by QZ , we get:

* Compare with Obstfled er al (1996, pp. 718-721).
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1+r=Q(1+r)=p7(1+r)".
Hence:

o-1

Q=1-p4°(1+r)

It follows, from ¢, =QZ , that the consumption function is:

¢ =[1-p7(1+r)" |2,

This result can be confirmed by inserting this last expression on both sides of the first

equation of this appendix and verifying that they are equal.

C. Transitional Dynamics.
We now analyze how the system evolves to the steady state.

The budget constraint of the capitalist says that:
Z,=c +b,.

So that, from the restriction of the Entrepreneur:

Z =c,+wlL,.

Now, using (4) and (5) above we have:

19



Solving for 7, we get:

1 Ly C.1
+7 = . .
" Z —c, €D

Using the above expression in (2) we get the dynamic equation for ¢;:

qﬂ=q( ﬁZJZ- (€2)

Z —c

t t

Next, from (1) and (C.1) we get the dynamic equation for Z;:

1

Z,,=(Z,-c). (C.3)

Equations (C.2) and (C.3) form a planar dynamic system which can be linearized

around the steady-state in the following way (Fuente, (2000), p.487):

¢y —C _J ¢, —c c4
Z -7z “z-z| €4

In the system above ¢ and Z are the steady-state values of ¢, and Z, respectively, £ and

P(—p),and J is the jacobian matrix evaluated at the steady-state levels:

20



act+1 act+1

J= Ct Zt
aZtJrl aZtJrl

c VA

The eigenvalues of the jacobian inform us about the kind of stability of the system.
Below we obtain the eigenvalues of the matrix J with the aid of MATHEMATICA (see
Wolfram, 2003). It is there shown that for reasonable values for the parameters £ and
o one of the eigenvalues is less than one and the other greater than one. In this case we
say that the above system is saddle-path stable, meaning that for a given Z, there is only
one ¢, for which there is a trajectory that leads to the steady state; in other words, the

solution to the system is unique.

21



nile Ol = Do (BT [R-0]) [0 2, ol 1+ Dorlvative of i WE B, o W)

5 .-L-g
T R B - | o
—zar

it E
Sl l=-g+x} b R

eEe gl iz e d, o8 {1-A)] 47 Fullsinpliy

T ro] ; |:2+ |-ld- ;—.l al

lte G2 =Dl (A*2/ [e-c}) (o f2), 0] |= Darivativs of opg w0 £, B =)

uﬁﬁlﬁ_l-l-i:l
e A (az+x)d
e G2 . [z 48, o8 {1-A)] )/ Pullsimplicy
[~L+87 o

Cadjits %5
e u.:-l -|:l|:-:|-._-:|"'[]:_|'2]ll .:] i Derlwmilve o F B a1 Warad _T
I

Bt -~ ————
ERTE

e g3 Sz f, o4 {1-8]] /7 rullsinplify
1
.E'-.-'?

=T ol

s g = DI{n ~a) T [LA2]. 0] i# Uerivetles of Ss. ®.0.T. Be #]
I

2V -orE

biee G e S, e (= 8] 27 Pl kel By
1
2 e

ST ERCCLRE L.

B o= Blgerraluss[J] i Fullfimplify i+ sljpasevaliss of the systen =)

L+ 2@sw-30-¥=-B8+ |E-3(=-2+7| +7)* 1+3F3+sx-Fo+Y-B3=(1-F(-F+a]+ai% |
o I . ) f

Wit B [ 0.50, 04 2] FAFullBinplify (= The walues to the alipsovaluss eheg A0 99 anl g«Jwli

carie {04780, 1 10085

Wiz
B=0:90 (&« draphs for the posaible waluss co the siganvoluss for dATEsesnt salues 4F O whan B0
1+2B+0-Bo-Y-BE+ (L-B{-2+0) +o)~
I'-'.'l.:lh[ L Ll Bt ! ! v o & EE]I [# gragh fnr ths First sipaorelise =
4 E
1+2E+0-BoeV -BEs (I-F{-Z+o)+0)"
l‘lnh[ A "B[ ! ! ! v e B 25]] |# grmsli For tha firet sigmcealos )

22



050}

040/

16

14}

h

18+

(]
[

23



BIBLIOGRAPHY

Andres, Javier; David Lopez-Salido and Edward Nelson (2007). “Money and the
Natural Rate of Interest: Structural Estimates for the United States and the Euro
Area”, Federal Reserve Bank of St. Louis Working Paper No. 2007-005A,
February.

Chow, Gregory (1997). “Dynamic Economics: Optimization by the Lagrange Method”.
Oxford University Press.

Christiano, Lawrence (1991). “Modelling the Liquidity Effect of a Money Shock”,
Federal Reserve Bank of Minneapolis Quarterly Review, Winter, 15, 1-34.

Fuente, Angel de la (2000). Mathematical Methods and Models for Economists.
Cambridge University Press.

Laubach, Thomas and John C. Williams (2003). “Measuring the Natural Rate of
Interest”, Review of Economics and Statistics, 85, pp. 1063-70.

Ljungqvist, Lars and Thomas J. Sargent (2000). Recursive Macroeconomic Theory. The
MIT Press.

Obstfeld, Maurice and Kenneth Rogoff (1996). Foundations of International

Macroeconomics. The MIT Press.

Rothbard, Murray ([1962, 1970] 2004). “Man, Economy and State, with Power and
Market”. Auburn: Mises Institute.

Wicksell, Knut (1898). Interest and Prices. Tranl. by Richard Khan for the Royal
Economic Society 1936, repr. in 1962 by Augustus Kelley.

---------- (1906 [1935]). Lectures on Political Economy, vol. 2, Money. E. Classen
(transl.), L. Robbins (ed.). Routledge.

---------- (1907). “The Influence of the Rate of Interest on Prices”, Economic Journal 17

(June): 213-220.

Wolfram, Stephen (2003). “The Mathematica Book”, 5" ed. Wolfram Media.

24



Woodford, Michael (2003). Interest and Prices: Foundations of a Theory of Monetary

Policy. Princeton University Press.

25



CIGE - Centro de Investigagdo em Gestao e Economia
Universidade Portucalense — Infante D. Henrique

Rua Dr. Antdnio Bernardino de Almeida, 541/619
4200-072 PORTO

PORTUGAL

http://www.upt.pt
cige@uportu.pt

ISSN 1646-8953

26



